PHILOSOPHY 511: w PETER B. M. VRANAS
SYMBOLIC LoGIC e emyeneny MWF 11-11:50, FALL 2021

DDDDDD

PROBLEM SETS

PROBLEM SET #1
Due: Monday 13 September at 11:00am in class

Problem 1 (1 point). For the following eight strings of symbols, write on the answer sheet: ‘A’
if the string is not a term, ‘B’ if the string is an atomic closed term, ‘C” if the string is an
atomic open term, ‘D’ if the string is a non-atomic closed term, and ‘E’ if the string is a non-
atomic open term (in the language of arithmetic L*; unofficial notation acceptable).

(a) ztz (c) Ox (e) 0=y (2) 0-1

(b) S+x<3+(4+2) (dzvy ® +(. 0) (h) 0-x

Problem 2 (1 point). For the following eight strings of symbols, write on the answer sheet: ‘A’
if the string is not a formula, ‘B’ if the string is an atomic formula and a sentence, ‘C’ if the
string is an atomic formula but not a sentence, ‘D’ if the string is a non-atomic formula and a
sentence, and ‘E’ if the string is a non-atomic formula but not a sentence (in the language of
arithmetic L*; unofficial notation acceptable).

(a) VxVy(x>y) (d) VxVz(x & (Ip(z<x) v x=2)) (8) ytx<x+ty
(b) VxIyVy(x=y & y<z) () 2+3(2ex+3ex)=x+(3x+z) (h) 55<4+z
(c) Vx3y(x+x=y) () Ix(2<2)

Problem 3 (1 point). For the following four formulas (in the language L* U {P, O, R}, where
P and Q are two-place predicates and R is a one-place predicate; official notation is used),
write on the answer sheet all free occurrences of variables in the following format: %x if the
second occurrence of ‘x’ is free in the formula, and so on.

(@) Vz(P(x,z) & VzQ(z,x)) (c) Vz=3y(P(x, y) & VxR(x)) v ~(R(z) & VxR(}))

(b) Vz(3xP(x, z) & R(x)) (d) (OO 2) & VI(Q(z, 0) v ~3z(P(z, z) & VyAYR(2))))

Problem 4 (1 point). Do problem 9.1 on p. 112 of BBIJ.

PROBLEM SET #2
Due: Monday 20 September at 11:00am in class

Problem 1 (1 point). Do Problem 9.2 on p. 112 of BBJ modified as follows: give an interpreta-
tion that makes (9) false, (10) true, (11) false, and (12) true.

Problem 2 (1 point). Do exercise D on p. 239 of Bessie & Glennan (see next pages), only #66.

Problem 3 (1 point). Do exercise C on pp. 237-239 of Bessie & Glennan (see next pages), on-
ly #36, 41, 44, 46, 49, 53, 55, 56.

Problem 4 (1 point). Translate: (1) A theory is a set of sentences that contains every sentence
provable from the set. (2) A set of sentences is decidable iff there is an effective procedure
that, for every sentence, correctly decides whether the sentence is or not contained in the set.
(3) A theory is axiomatizable iff it has a decidable subset such that every sentence contained
in the theory is provable from that subset. (4) A theory is complete iff, for every sentence, ei-
ther the sentence or its negation is contained in the theory. (5) If a theory is complete, then it
is decidable iff it is axiomatizable. (6) A theory is consistent iff there is no sentence such that
both it and its negation are provable from the theory. (7x: x is a theory; Sx: x is a set of sen-
tences; Nx: x is a sentence; Dx: x is decidable; Ax: x is axiomatizable; Fx: x is an effective
procedure; Lx: x is complete; Cx: x is consistent; Rxy: x is provable from y; Mxy: x contains y;
Bxy: x is a subset of y; Zxyz: x decides that y is contained in z; Gxy: x is the negation of y.)
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PROBLEM SET #3
Due: Monday 27 September at 11:00am in class

Problem 1 (1 point). Do problem 10.3 on p. 123 of BBJ.
Problem 2 (1 point). Do problem 10.9(a) on p. 124 of BBI.
Problem 3 (1 point). Do problem 10.10(c) on p. 124 of BBJ.
Problem 4 (1 point). Do problem 10.14(b) on p. 124 of BBJ.

PROBLEM SET #4
Due: Monday 4 October at 11:00am in class

Problem 1 (2 points). Translate into logical notation the following argument, using the nota-
tion provided, and provide a derivation (using (R0)-(R9)) of the corresponding sequent: All
entrants will win. There will be at most one winner. There is at least one entrant. Therefore,
there is exactly one entrant. (Ex: x is an entrant; ¥x: x is a winner.)

Problem 2 (2 points). Provide a three-rule proof procedure with the following properties: (a) it
is complete but not sound, and (b) if any two of the three rules are removed, the resulting
(one-rule) procedure is not complete. Explain briefly why the procedure has these properties.

PROBLEM SET #5
Due: Monday 18 October at 11:00am in class

Problem 1 (2 points). Prove that, if a sentence Q is true in all infinite models of a set of sen-
tences I', then there is a natural number £ such that Q is true in all finite models of I" whose
domain has £ or more elements.

Problem 2 (2 points). Let the spectrum of a sentence be the set of all positive integers »n such
that the sentence has a finite model with a domain having exactly » elements. Give an exam-
ple of a sentence whose spectrum is the set of all odd positive integers.

PROBLEM SET #6
Due: Monday 25 October at 11:00am in class

Problem 1 (2 points). Consider the following four sets of sentences: (a) The set whose mem-
bers are all sentences of the language of PA that do not begin with a universal quantifier. (b)
The set whose members are all and only those members of PA that do not contain the existen-
tial quantifier. (¢) The set whose members are all and only those sentences of the language of
PA that are false in at least one model of PA. (d) The set whose members are all and only
those members of PA that contain at least three symbols (in official notation). For each of
these sets, please indicate on the answer sheet whether the set is (1) a theory, (2) a consistent
theory, (3) a decidable theory, (4) an axiomatizable theory, (5) a sufficiently powerful theory,
and (6) a complete theory. (Assume that PA is consistent.)

Problem 2 (2 points). Let I" be a set of interpretations of the language of PA, and let 7 be the
set of sentences of the language of PA each of which is true in every member of I'. Show that
T is a theory.




PROBLEM SET #7

Due: Monday 1 November at 11:00am in class

Problem 1 (1 point). Find (as a product of prime numbers) the Gédel number of the expres-
sion ‘~3x12Vx23~(Sx11=x27)’, using George and Velleman’s system of Godel numbering.

Problem 2 (1 point). Find the expression whose Gédel number (in George and Velleman’s
system of G6del numbering) is: 1,162,213¢19%9572%1,190.

Problem 3 (2 points). Suppose that 7 is an axiomatizable extension of PA. For any natural
number », say that 7"is consistent up to » exactly if there is no sentence P such that 7 |— P, T |-
~P, and the Godel numbers of P, ~P, and proofs of P and ~P are all smaller than n. We can
express this in the language of PA by defining ConUpTo7(xs) to be the formula:
~Ix13x2Tx3Txa(x1 < x5 & x2 < x5 & x3 < x5 & x4 < x5 & Proofr(x1, x2) & Proofr(xs, x4) &
Neg(x1, x3)),
where Neg(x1, x3) is a formula that represents {<n, m>eN?: n is the Gédel number of a sen-
tence P and m is the Godel number of ~P}. Then ConUpTor(xs) says that 7 is consistent up to
xs. Show that if 7"is consistent then, for every neN, PA ]— ConUpTo7(S"0). (Use without proof
the fact that, for every natural number 7:

PAF Vxi(x1 <S80 > (x1=0V x1=S0 VvV x1 =SSOV ... V x; =5"10).)

PROBLEM SET #8

Due: Monday 8 November at 11:00am in class

(Continuing Problem 3 of Problem Set #7: use the results of that problem)
Let 7 be a consistent and axiomatizable extension of PA, and let Proof’7(x1, x2) be the formula
Proof7(x1, x2) & 3xs(x1 < x5 & x2 < x5 & ConUpTor(xs)). Let Theorem’'r(x1) be the formula
Jx2Proof 7(x1, x2), and let Con'r be the sentence ~3x3x2(Theorem’7(x1) & Theorem'7(x2) &
Neg(x1, x2)).

Problem 1 (2 points). Show that Proof7(x1, x2) represents {<n, m>eN?: n is the Godel number
of a sentence and m is the Godel number of a proof of that sentence in 7'}.

Problem 2 (2 points). Prove Rosser’s Theorem: if 7 is a consistent and axiomatizable exten-
sion of PA, then there is a sentence Rr such that neither 7T |- R7 nor T|— ~R7. (Use without
proof the result: 7 |— Con'r.)

PROBLEM SET #9
Due: Monday 15 November at 11:00am in class

Problem 1 (2 points). Define a logician to be accurate ift everything she can prove is true; she
never proves anything that is false. One day, an accurate logician visited the island of knights
and knaves, in which each inhabitant is either a knight or a knave, and knights make only true
statements and knaves make only false ones. The logician met two natives, A and B, who
each made a statement such that from the two statements it follows that exactly one of the two
natives must be a knight who is not provably so by the logician, but there is no way to tell
which one it is. What two statements would work and why?

Problem 2 (2 points). Let 7" be a consistent and axiomatizable extension of PA. Show that T|-
Con’r, where Con'r was defined in Problem Set #8. (Use without proof the trichotomy law:
PA I— Vx1Vx2(x1 <x2 V x2 <x1 V X1 =Xx2).)



