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A new approach for calculating the long-term statistics of sea waves is proposed. A rational long-term
stochastic model is introduced which recognizes that the wave climate at a given site in the ocean
consists of a random succession of individual sea states, each sea state possessing its own duration
and intensity. This model treats the sea-surface elevation as a random function of a “fast” time variable,
and the time history of the spectral characteristics of the successive sea states as a random function
of a “slow” time variable. By developing an appropriate conceptual framework, it becomes possible to
express various probabilistic characteristics of the sea-surface elevation, which are sensible only in the
fast-time scale, in terms of the statistics of sea-states duration and intensity, which is meaningful only
in the slow-time scale. As an example, we study the random quantity M,(T) = “number of maxima of
the sea-surface elevation lying above the level u and occurring during a long-term time period [0,T].”
Exploiting the proposed framework, it is shown that, under certain clearly defined assumptions, M, (T)
can be given the structure of a renewal-reward (cumulative) process, whose interarrival times corre-
spond to the duration of successive sea states. Thus, using renewal theory, the complete character-
ization of the probability structure of M,(T) is obtained. As a consequence, the long-term probability
distribution function of the individual wave height is rigorously defined and calculated. The relation of
the present results with corresponding ones previously obtained is thoroughly discussed. The proposed
model can be extended twofold: either by replacing some of the simplifying assumptions by more re-
alistic ones, or by extending the model for treating the corresponding problems for ship and structures

responses.

1. Introduction

AN INDIVIDUAL sea state, being a phenomenon of “moder-
ate” duration [typically, of the order of hours (Laviel & Rio,
1987)], can be adequately modeled by considering the sea-
surface elevation as a stationary stochastic process; this is
the well-known short-term sea-state description, initiated
through the pioneering works of Longuet-Higgins and Pier-
son in 1952. [See also Kinsman (1965)]. When, however, the
time period of interest becomes large, many successive oc-
currences of individual sea states come into play, and a dif-
ferent stochastic model is required to predict mean and ex-
treme values over such a period; this is the long-term sea-
state description.

The short-term description of sea waves is well estab-
lished and extensively developed, especially under the as-
sumption of normality for the basic process “sea-surface el-
evation.”® Similar remarks are valid for ship and structures
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3Non-Gaussian models for the process “sea-surface elevation” have to
be used in the case where hydrodynamic nonlinearities are taken into
account [Longuet-Higgins (1963), Huang & Long (1980), Tayfun
(1980,1981,1984), Huang et al. (1983)].
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responses within the context of linearity. [See, for example,
St. Denis & Pierson (1953), Ochi & Bolton (1973), Price &
Bishop (1974), Borgman (1978); Sharpkaya & Isaacson (1981),
Bishop & Price (1982), Ochi (1982), Chakrabatri (1987) and
references cited therein]. The key tool in this description is
the spectral density function that is usually specified by means
of various shape parameters, frequently some spectral mo-
ments. Using these moments, a lot of useful information
concerning statistical wave characteristics can be obtained.
Examples include excursion analysis (such as, mean number
of crossings of a given level per unit time) and individual
extreme value analysis (such as, mean number of local max-
ima (peaks) per unit time, and the statistics of the individ-
ual wave height) [Ochi & Bolton (1973), Price & Bishop (1974),
Ochi (1982), Middleton (1960), Cramer & Leadbetter (1967)],
as well as global extreme-value analysis, that is, the statis-
tics of the global maximum (highest wave) over a time in-
terval of given length, [Ochi (1982,1973,1981), Longuet-Hig-
gins (1984), Naess (1984)].

In the long-term case, similar quantities should be pre-
dicted over a larger time period, for example, a month, a
year, or many years. But now the situation is much more
complicated since the assumption of stationarity is clearly
not applicable on the sea-surface elevation. In this case, it
is generally accepted that the statistics of some spectral pa-
rameters (usually of the significant wave height Hg and the
mean zero-upcrossing period 7)), in conjunction with the
corresponding short-term statistical results, might be used

“to determine the desired long-term quantities. However, the
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Nomenclature

a = zero-to-crest wave am-
plitude
E®[...] = ensemble average oper-
ator extended over sam-
ple space B
f(Hs) = pdf of significant wave
height Hg
f(Hs,Ty) = joint pdf of Hs and T,
f(Ty) = pdf of mean zero-up-
crossing period T,
F(AT,A) = joint pdf of sea-state du-
ration (A7) and inten-
sity (A)
f(AT,Hg,T) = joint pdf of AT, Hg and

1]
f(AT|H;,T,) = conditional pdf of AT for
given value of Hg and T,
f(AT|A) = conditional pdf of sea-
state duration for a given
sea-state intensity
fu(A) = classical first-order pdf
of the stationary sto-
chastic process A(t)
fu(Hs,To) = special case of fc,(fX)
[g(AT) = marginal pdf of AT ob-
tained by integrating
fQAT,A)
fmg(]\) = marginal pdf of A ob-
tained by integrating
f(AT,A)
fimg(Hs,To) = special case of f,,,(A)
fsa(Hs,T,) = empirical joint pdf of Hy
and T, (scatter diagram)
¥ = operator realizing the
mapping n(¢) — E(i)
%, = operator realizing map-
ping n(t) = A (1)
Fy = operator realizing map-
ping A(r) > E@)
%! = generalized inverse of F;
see Section 4
g.(A) = auxiliary “density”
function; see equation
(20)
£1(0,To,e) = special case of g,.(A)
&1(H;,To) = marginal “density” ob-
tained by integrating
&1 (6,T,€)
H = crest-to-trough wave
height
H; = significant wave height
M( u;AT,A) = mean number of peaks
above level u occurring
during a time interval
AT in a stationary sea
state of intensity A
M(T.,T.);B) = [or M(T,,T5;8)] number
of peaks (local maxima)
of sea-surface elevation
lying above level u and
occurring in a (long-
term) time interval
[TI’TZ]
M/T;B) = M (0,T];B)
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P,(H) = long-term CDF of indi-
vidual crest-to-trough
wave height

P;(a) = long-term CDF of indi-
vidual zero-to-peak wave
amplitude

P;(a) = conditional long-term pdf
of individual zero-to-peak
wave amplitude, given
that the peak is nonneg-
ative

PR[A] = probability of occur-
rence of event A
R(H;H;) = Rayleigh CDF
r(H;Hs) = Rayleigh pdf
S(®),S(w) = spectral density func-
tion (spectrum) of a sea-
state
S(w;T4,B+) = short-term spectrum
generated by A(74,Bx)
t = “short-term” or “fast” or
“fine” time variable (time
variable of fast-time
scale)
Ty, = mean wave period be-
tween zero upcrossings
TO,TI,TZ,TS = characteristic times; see
Section 2

T,,T; = time instants represent-
ing beginning of a sea
state

T.,T.; = time instants represent-
ing end of a sea state

Tg: = recording interval: time
between two successive
measurements of sea-
surface elevation

Trp = recording period: time
the recording instru-
ment remains in opera-

. tion
W(u;1,A) = M(u;l,]\), that is, mean
number of peaks per unit
(fast) time occurring in
a sea-state of intensity
A

Greek letters

B = sample space of the sto-
chastic process “long-
term time history of sea-
surface elevation at a
given location”

I' = I'(t4,B+) = sample space of stochas-
tic process “short-term
time history of sea-sur-
face elevation generated
by A(T4,Bx)”

B,y = choice variables ranging
through sample spaces
B and T, respectively
AT,AT; = duration of a sea state
AA = vector of increments of
A:AA = (AA,, AA,, ...,
AAp)

€ = broadness coefficient of
the spectrum

n(t) = sea-surface elevation

n(t,8) = sample function of sto-
chastic process “sea-sur-
face elevation at a given
location”

nu(,B;{v:}) = “hindcasted’ sample
function of the process

“sea-surface elevation

generateq by a sample

function A(7,8) by means

of the operator % ':

nalt,Bi{vd) = FU(A(r,B))

n57(¢;74,B+) = short-term  stochastic
process generated by

. Alr *,B*)

A(7) = time history of spectral
parameters of sea states
occurring at a given lo-
cation. For example,
A1) = (Hs(7),To(7))

]\(-r,B) = sample path of stochas-
tic process “time history
of spectral parameters of
the sea states occurring
at a given location”

]\i,]\* = spectral parameters (in-
tensity) of a sea state

Mmar = mth-order moment of
random variable AT

Wy = mth-order moment of
random variable M =
M@wAT,A)

War,iyr = mean values of random
variables AT and M =
M(u;AT,A)

E(i) = sequence of successive

' individual sea states oc-
curring at a given loca-
tion, E(@) = {AT, A}

E(i,8) = sample path of stochas-
tic process “sequence of
successive individual sea
states occurring at a
given location,” E(i,B) =
{ATYB),A(B)}

paru = correlation coefficient of
random variables AT and
M = M(u;AT,A)

oar, 03 = variances of random
variables AT and M =
M(u;AT,A)

7 = “long-term” or “slow” or
“coarse” time variable
(time variable of slow-
time scale)

Acronyms
pdf = probability density func-
tion
CDF = cumulative distribution
function

ii.d. = independently and iden-
tically distributed
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existing stochastic models do not, generally, properly treat
the non-stationarity of the sea-surface elevation. Moreover,
the underlying assumptions concerning stationarity/non-
stationarity and stochastic independence are not explicitly
stated, so that the planning engineer cannot identify the cir-
cumstances under which a given model is valid. Other in-
adequacies of the currently used long-term stochastic models
will be pointed out subsequently.

Our objective in this paper is to develop a new long-term
stochastic model taking explicitly into account the fact that
the wave climate at a given site in the ocean consists of a
random succession of individual sea states, each sea state
possessing its own duration and spectral characteristics. A
significant effort is made to isolate and explicitly state all
the assumptions used in constructing the model or in sim-
plifying the results. This has become possible by developing
a detailed conceptual framework for the non-stationary pro-
cess “sea-surface elevation over long-term time periods.”

In order to explain our point of view and clarify the re-
lation of our model with the existing ones, we felt it nec-
essary to begin by viewing the literature on the subject. The
first works dealing with long-term stochastic analysis and
prediction came up in the late 50’s. Their main concern was
the calculation of the long-term probability density function
of the wave-induced ship responses, with emphasis in struc-
tural loading and structural responses [Jasper (1956) and
Bennet (1958,1959)]. Since, however, the method of analysis
for calculating the long-term probability distributions of ship
responses and of the wave height is actually the same, under
the assumption of linearity, we shall restrict our attention
in this section (and, in fact, in this paper) only to the latter
case.

In the early works on the subject, use was made of the
joint probability density function f(H,Hs), where H is the
individual crest-to-trough wave height, and Hg is the sig-
nificant wave height of the corresponding sea state. No at-
tempt was made, however, to define directly the event which
has probability f(H,Hs)AHAH.* Instead, the density f(H,Hys)
was defined indirectly, by using a conditional probability ar-
gument, as follows

f(H,Hy) = f(H|Hs)f(Hs) (6]

where f(H|Hy) is the conditional probability density function
of the individual wave height H given that the significant
wave height is equal to Hs, and f(Hp) is the probability den-
sity function (subsequently abbreviated as pdf) of the sig-
nificant wave height in the considered sea area. Then, the
long-term cumulative distribution function of the individual
crest-to-trough wave height, denoted by Pr(H), is obtained
by integrating over all possible Hg (“all possible short-term
sea states”). Applying this approach and approximating
f(H|Hg) by the Rayleigh pdf

r(H;Hg) = 4H(Hg) ® exp[—2(H /Hg)*]

one obtains

P, (H) = Pr[wave height = H]

0

= f R(H;Hy) f(Hg)dHg @
0

where R(H;Hj) is the cumulative distribution function (sub-
sequently abbreviated as CDF) corresponding to n(H;Hys). More
elaborate models have also been suggested, obtained by fur-
ther conditioning with respect to wave period or to weather

“In our point of view, such an event does not seem well-defined, since
H and Hj belong to different “stochastic levels”; see below, in Section 4.
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conditions (for example, wind force). [Bennet (1958,1959),
Nordenstrom (1964,1969,1973), Band (1966), and Lewis

- (1967)].% Variants of this approach have also been followed

by many other authors for long-term seakeeping calcula-
tions. [Fukuda (1970), Loukakis & Grivas (1980), Lewis &
Zubaly (1981), Stiansen & Chen (1982), Hughes (1983), and
Chilo et al. (1986)]. Recently, Spouge (1985,1986) presented
a lucid formulation of the long-term stochastic ship sea-
keeping performance problem along these lines. He ex-
tended the above described approach to include a probabi-
listic description of ship’s mission variability, weather
avoidance tendency, and operational sea-man-ship charac-
teristics.

Despite its broad acceptance by the naval architecture
community, and its usefulness for comparative studies of dif-
ferent designs, the above definition of the long-term proba-
bility distribution is questionable, at least in the following
sense. It is not clear whether or not the CDF P (H) obtained
by equation (2) is compatible with the usual “statistical” def-
inition of the notion of probability, based on the relative fre-
quency concept. In other words, it is not clear whether or
not P.(H) satisfies the relation

No. of waves with a height smaller than H
P(H) = . : 3)
No. of all waves appearing in same period

provided the counting period is a long-term one. Note that
equation (3) is always (tacitly) assumed to be valid in any
application of P, (H). Nevertheless, in the light of a more
careful analysis, it can be proven that, generally, equation
(8) is not satisfied by P.(H), if the latter is defined through
equation (2). [See the comments below, after equation (5).]

The decisive step towards a satisfactory definition of the
long-term CDF P.(H) was made by Battjes in 1970 [see also
Bishop & Price (1982) and Battjes (1970)], who defined Pp(H)
by means of the relation

E[No. of waves with a height smaller than H]
P, (H) = 4

E[No. of all waves appearing in same period]

where E[...] denotes the mean-value operator, and the
counting period is again a long-term one.” Thus, the calcu-
lation of the long-term probability distribution is reduced to
the calculation of the mean number of waves meeting some
condition (namely, having a height less than a certain level)
and appearing in a long-term time period. Calculating this
mean number, Battjes was able to express P.(H) as follows

1 “ (" RH;Hy)
——— f(Hs,To)dHsdT,  (5)
0 0 TO

P,(H) =
uED E[1/T,]

where f(Hg,T,) is the joint pdf of Hs and Ty, and E[1/T] is
the long-term expected number of waves per unit time. Note
that, if we assume that Hg and T, are statistically indepen-
dent, that is, f(Hg,To) = f(Hg)f(T,),” then equation (5) is re-
duced to the previous result (2). This fact shows that the
CDF P.(H), as defined by equation (2), does not satisfy re-
lation (3), whenever Hg and T, are not independent. Battjes’s
method has been subsequently used and improved by Ochi
(1978a,b,1982) and Ochi & Chang (1978), who extended it

5An informative survey of these works has been presented by Ochi and
Bolton (1973) in their review article.

SThe exact meaning and significance of the assumption that the
counting period is a long-term one will be made clear subsequently, in
Section 6.

"Throughout this work we shall use the same symbol to denote a joint
pdf and its marginal pdfs. However, since the arguments will always be
written, it is not likely to cause any confusion.
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for making long-term predictions of the responses of ships
and floating structures in waves [see also Hughes (1983)].

Battjes’s approach is both sound and fruitful. In our opin-
ion, equation (4) is a quite reasonable way to define the long-
term CDF of the individual wave height, provided the count-
ing time is a long-term period. There are, however, ques-
tions which require further study if we wish to achieve a
clear and reliable long-term probabilistic description of sea
waves and structure responses. Let us mention some of them
here:

* Which exactly are the assumptions ensuring the validity

of equation (5)?

+ It is well-known that the various sea states last for dif-
ferent time periods. Is the effect of this sea-state dura-
tion variability on the long-term calculations signifi-
cant?

* It seems very likely that some statistical dependence be-
tween successive sea states exists [Laviel & Rio (1987),
Labeyrie (1990)]. How could this dependence be incor-
porated in a long-term stochastic model?

The construction of a stochastic model capable to treat such
questions is the main objective of the present work. In ac-
cordance with equations (3) and (4), the main concern of this
model will be the determination of the statistics of the ran-
dom variable “number of waves which appear in a long-term
time period and meet some prespecified condition.”

Another interesting and fruitful approach to the statisti-
cal prediction of wave characteristics (more exactly, the pre-
diction of extreme values) was introduced by Borgman
(1973,1972) and Borgman & Resio (1982). [See also Krogs-
tad (1985)]. Borgman was apparently the first author who
explicitly took into acount the non-stationarity of the pro-
cess “sea-surface elevation over large-time intervals.” To
handle this difficulty, he assumed that the spectral param-
eters can be considered as continuous functions of time,® and
he divided the time period of interest into small subintervals
so that the sea state in each of them is approximately con-
stant. Then, assuming that successive local maxima are sta-
tistically independent, he was able to obtain an expression
for the CDF of extreme values of individual wave height which
is applicable for arbitrary periods of time. Note, however,
that this theory presupposes that the time history of the
spectral parameters is known over the whole time period of
interest. Thus, although this theory treats stochastically each
individual sea state, it handles deterministically the succes-
sion of the various sea states, occurring at a given site, that
is, the non-stationarity of the phenomenon.

In 1977 Battjes, in his excellent review paper, took Borg-
man’s conception (that the spectral parameters can be con-
sidered as ordinary functions of time), to what seems to be
a sound and promising basis for a long-term stochastic anal-
ysis and prediction of sea waves and, actually, of many other
similar phenomena. He assumed that the time history of the
spectral parameters can be considered as a realization of a
stochastic process different from the stochastic process of the
sea-surface elevation. This is, in fact, the fundamental idea
underlying the present work.

The content of the present paper can be summarized as
follows: In Section 2 we introduce the characteristic times
related to the complex (short-term and long-term) phenom-
enon, and we define the two time scales ¢ (the “short-term”
or “fast” or “fine” time scale) and 7 (the “long-term” or “slow”
or “coarse” time scale) used in the analysis. In Section 3 we
define various notions of fundamental importance for our

8As will be explained subsequently, in Section 3, this assumption is
meaningful only if we consider the spectral parameters as functions of
a time variable which is “slower” than the time variable used in de-
scribing the process “sea-surface” elevation.
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model, including the individual sea state, its duration and
its intensity. It is also pointed out there that a given sample
path of the long-term sea-surface elevation n(¢) gives rise
to a time history of its spectral characteristics A7) [for ex-
ample, A(t) = (Hs(1),To(1)], which, in its turn, can produce a
sequence E(i) = {AT,A;} representing the succession of in-
dividual sea states, where AT, and A; denote the intensity
and the duration of the ith sea state, respectively.

. In Section 4 a stochastic point of view is adopted, and n(2),
A(7), and E(i) are all viewed as stochastic processes. Having
defined these processes, we are in a position to clearly for-
mulate the main assumptions on which the proposed model
is based. From the physical point of view, the most funda-
mental assumption used in this work is the first-order sea-
sonal stationarity of the stochastic sequence E(i), which can
be expressed as follows

To each ocean site and season® we associate a sea-state
population and we assume that there exists a time-in-
variant (seasonal) pdf f(AT,A) describing the first-or-
der statistics of this population.

This stationarity assumption restricts but does not suppress
the non-stationarity of the sea-surface elevation itself, since
the latter is treated as a succession of different individual
sea states, each one having its own duration and spectral
characteristics. It should be noted, however, that other as-
sumptions concerning the stochastic nature of the long-term
process might be also adopted. For example, E(i) might be
given a Markovian structure, or A(7) can be considered as a
periodically correlated process. Such choices would strongly
complicate the analysis and will not be examined here.

The basic difficulty in long-term analysis and prediction
is that we have to calculate probabilistic characteristics of
sea waves defined on the process n(#), having at our disposal
statistical data concerning the process Z(i). To overcome this
difficulty, we explicitly construct the procedures (operators)
% and ¥, relating the sample paths of the stochastic pro-
cesses M(¢) and ()

E@) = F(n@®) and m@®) = F (E®G) (6a,b)

As is expected, both ¥ and %' are multiple-valued with re-
spect to the sample paths themselves, but carry over, in an
adequate way, the necessary statistical information from the
one stochastic process to the other. The main idea here is to
use relation (6b) in order to express probabilistic character-
istics of the sea-surface elevation n(¢) with the aid of the sta-
tistics of the process 5(i), which can be taken as known.
This principle is applied in Section 5 for obtaining the
probabilistic characteristics of the random quantity M, (T')
= “number of maxima (peaks) of the sea-surface elevation
lying above the level u and occurring during a long-term
time period [0,T'].” It is recognized that the conceptual
framework constructed in Sections 3 and 4, in conjunction
with the above stated seasonal stationarity assumption, and
an independence assumption between the successive sea
states, permits us to consider M, (T') as the up-to-time T “ac-
cumulated cost” of a renewal-reward (cumulative) process,
whose interarrival times are the durations of the sea states.
Thus, the arsenal of the renewal (renewal-reward) theory
becomes available, and the complete characterization of the
probabilistic structure of M,(T) is made possible. It turns
out that M(T) is normally distributed with mean value and
variance explicitly obtained in terms of the first-order sta-

°In this statement the word “season” should be merely thought as a
certain definite part of the calendar year. It may be a month, a calendar
season or even the whole year, depending on the type of application we
have in mind and on the available wave data.
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tistics of the stochastic process E(i). Moreover, it is shown
that the mean value of M,(T') can be also expressed through
the first-order statistics of the continuous-time process
A(®). The results of Section 5 are then used in Section 6 to
rigorously define and calculate the long-term CDFs of the
individual wave amplitude and wave height P;(a) and P;(H),
respectlvely In Section 7 we prove and discuss an interest-
ing and somewhat surprising relation between the first-or-
der pdfs of the processes E(i) and A(7). The relation of the
present results with the corresponding ones obtained by
Battjes is discussed at the end of Section 5 and in Section 6.
The paper is concluded by Section 8, where the whole model
is summed up in a rather detailed yet non-formal way.

2. Short- and long-term time scales

In analyzing the process sea—surface elevation at a glven
location” over long-term perlods, it is of fundamental im-
portance to distinguish various time scales [Battjes (1977)].
This enables us to introduce a hierarchy structure in the
process, and to focus our attention separately on its various
particular aspects. Before introducing the two principal time
scales, it is advisable to describe some characteristic times
(time lengths) related to the whole process under consider-
ation. These are the following:

(@) A time length T, comparable to a mean period of wind
waves. R

(b) A time length T; during which the sea state can be
considered statistically stationary, and which should be suf-
ficiently large for short-term sampling purposes.

(¢) A time length T, comparable to the time needed for
the mean statistical characteristics of the sea state to change
in a significant percentage, say, 30 percent.

(d) A time length T3 containing a great number of indi-
vidual sea states'! so that it can be considered sufficiently
large for long-term sampling purposes.

Other characteristic times can be also distinguished, but they
are of no interest for the present work.

In order for a two-level (short-term/long-term) analysis of
the process “sea-surface elevation” to be meaningful, the fol-
lowing order-of-magnitude assumptions are necessary

B <1 & <1 and 22 <1
T T, Ts

(7a,b,c)

The first assumption means that many cycles of the process
“sea-surface elevation” are contained in T';, and it is nec-
essary (although not sufficient) for the validity of the ergo-
dicity hypothesis in short-term analysis (first-level ergodici-
ty). The second assumption ensures that the statistical
characteristics vary slowly with respect to the time T';. This
is necessary for the consistency of the piecewise stationarity
(short-term or first-level stationarity) of the process, which
is generally taken for granted. The third assumption is nec-
essary (but not sufficient) for the validity of the ergodicity
hypothesis in long-term analysis (second-level ergodicity),
which will be used in Section 4.

Existing experience shows that 7', can be assumed of the
order of seconds, T, of the order of minutes or tens of min-
utes, and T, of the order of hours. Accordingly, the inequal-
ities (7a,b) can be considered generally valid. The inequality
(7¢) should be considered rather as a condition defining a
typical long-term time period T, sufficiently large for long-
term sampling purposes.

10That is, periods extending over many years.

1The notion of an individual sea state will be precisely defined in the
next section. Here it suffices to consider this notion in some intuitive (or
meteorological) sense.
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The two time scales ¢ and T needed in the present work
can now be defined by means of the following inequalities:

unit of ¢ unitof v T,
= <1 and 1<—<= (8a,b)
T1 T1 T1

That is, the unit of ¢ is comparable to To, while the unit of
Tis comparable to T. The first time scale, in which the os-
cillation of the sea-surface elevation is clearly “visible” and
its statistical characteristics can be considered constant, will
be referred to as the short-term or fast or fine time scale.
Note that, in the present work, we are interested in counting
events visible in this time scale (such as the number of peaks
above a given level u), over time intervals [7,7;] of the order
of T5. Accordingly, it will be necessary to partition these in-
tervals into smaller ones, comparable with or smaller than
7T, and count the events in each interval sequentially.

The second time scale, in which the oscillations of the sea-
surface elevation are “invisible,” while the evolution of its
statistical characteristics is sensible, will be referred to as
the long-term or slow or coarse time scale.

In the next two sections a procedure will be developed en-
abling us to model the process “sea-surface elevation over
long-term time periods” as a stochastic process of the two
time variables ¢ and .

3. Sea states and their duration

Consider a long-term record of the sea-surface elevation
m(®), at a given location in the ocean. The purpose of this
section is to contrive a way to divide such a record into a
succession of “individual sea states,” that is, successive parts
of it over each of which the statistical sea-state character-
istics remain (approximately) constant. Our main concern is
to present a flexible definition of an individual sea state,
which will be both conceptually clear and practically useful
in long-term analysis and prediction. We should, however,
have in mind that, in practice, a complete long-term record
of the sea-surface elevation is almost never available. Ac-
cordingly, before proceeding to define sea states and their
durations, it seems advisable to take a look at the existing
sources of wave data.

The three principal sources of long-term wave data are in-
strumental records, hindcasted time-series of spectral pa-
rameters, and visual observations [Battjes (1977), Muir &
El-Shaarawi (1986)]. Instrumental records are not generally
continuous. Recording instruments usually work intermit-
tently. They are activated every, say, 3 hr (the recording in-
terval T%;), and remain in operation for, say, 20 min (the
recording period T'zp).'? Considering that each 20-min record
is a part of a realization of a stationary and ergodic sto-
chastic process (this is the usual short-term randomization
of sea waves), we obtain, after appropriately processing each
record, a sequence of spectral density functions S;(»), from
which the (vector-valued) sequence of spectral characteris-
ties A; = (A1;,Ag,...,AL;) can be easily calculated. Switching
now to the slow (coarse) time scale 7, we can assume that
the sequence of measured spectral parameters {A;} defines,
with the aid of some interpolation procedure (for example,
linear or spline interpolation), a continuous (vector-valued)
function of time A(T) = (A;(1),Ax(®), ..., Az(") [Borgman (1973)
and Battjes (1977)]. Summarizing, we can say that we have
defined a filter (operator) %,, which, to each long-term sea-
surface elevation record m(#), associates the time history of
its spectral parameters A(t) = F,(n(®)).

Time histories of spectral parameters A(r) can be also di-
rectly produced by using various hindcasting techniques

12For consistency it is required Tzp = O(T) and Ty < Try < T
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currently available [Lazanoff & Stevenson (1975), Cardone
et al (1976), Resio (1981), Bales et al (1982), Golding (1983)].
The major advantage of hindcasted wave data is that they
can be easily obtained for practically all the offshore sites
on the globe,'”® and that they can be extended over large
(multiyear) time periods without awaiting the years to pass.
This fact is of fundamental importance for the quick collec-
tion of the great amount of wave data needed for reliable
long-term calculations.

Visual observations from ocean weather ships or volun-
tary observing ships do not seem very useful for hindcasting
the evolution of the sea state at a given site, since the ob-
servers were moving along the ship’s course. However, vi-
sual observations from light ships and gas or oil platforms
could, in principle, be used for this purpose. In any case, the
authors are not aware of any pertinent publication.!*

Having the above in mind, we shall proceed to define the
notion of an individual sea state and its duration, based on
the time hlstory of a given set of spectral parameters A(r)

= [Ay(1),A5(7), ..., AL(7)]. The notion of sea-state duration de-
scribed below can be considered as a generalization of the
corresponding notion used by Bales et al (1982,1981), which
is based exclusively on the time history of the significant
wave height.

Let us consider A(T) as a curve (path) in the L-dimensional
Euclidean space R” with axes Aj,As,, .. ., Ar. Consider also
the “planes”

Al = kIAAl, kl = 1,2,3,

AL = kLAAL, kL = 1,2,3, e

where AA;,AA,, ..., AA; are prespecified increments of the
quantities Ay,A,, ..., Az, respectively. An example for the case
L = 2 is depicted in Fig. 1. All these “planes”'® taken to-
gether define a grid (covering the positive cone of R%), which
will be denoted by G(A,AR), AA being a shorthand notation
for the vector of increments (AA;,AA,, ..., AAL). It is con-
venient to give first the definition of the transition from one
sea state to another. This will be considered to occur when-
ever the path A(r) intersects the grid G(A,AA). Then, an_in-
dividual sea state is defined as the set of values (Tb,Te,A*)
where T, and T, are the time instants corresponding to
two successive transitions and representing, respectively,
the beginning and the end of the sea state, while A, =
(A1%,Ag4, ..., ALy) is a value of the spectral parameters vec-
tor representlng the nearly constant A(T) during the time
interval [T,,T,.]. For example, A* = A(T*) for some 71, €
(Ty,T.). See Fig. 1. The time length AT = T, — T, will be
called the duration of the sea state, while the value A, will
be called the 1nten51ty of the sea state. In most cases we are
not interested in the time instants T, and T,, but only in
the sea-state duration AT. Then, a sea state will be repre-
sented by the reduced set of values (AT, A

Although the above described procedure of defining the in-
tensity and duration of a sea state can be applied for any
prespecified set of spectral parameters, it can be directly re-

3Several organizations possess currrently running global hindcast
programs, among them we mention the U.S. Navy and the Meteorolog-
ical Office, England.

“Recently at the U.K. Meteorological Office, an effort was initiated
to investigate a relative question, namely, the possibility of inferring
sea-state-duration statistics from visual observations. However, “this work
is still in its early stages and will be some time before any results are
forthcoming” [personal communication (G. A. Athanassoulis)].

!5The “planes” are points if L = 1, straight lines if L = 2, planes if L
= 3, and “hyperplanes” if L > 3.
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Fig. 1 Sea-state evolution as represented in a two-dimensional A-space. (a)
The curve T,,T, ... T, represents the evolution of the sea state, while the
points Ty,T,, ..., Ty represent the transitions from one sea state to another.

(b) The points 7,75, ..., T9 On the time axis correspond to the instants of
transitions. Note that the time intervals 77,4 are not in general related to the
length of the corresponding arcs T;T;,4

alized graphically only when the dimension L of the vector
A(1) is equal to 1,2 or 3. (This actually includes all practi-
cally useful cases.) We now describe an alternative way of
pictorial realization of the above definition of sea states,
which works for arbitrary L. The key idea is to plot each
component Ay7), [ = 1,2, ..., L, separately, and draw the
“partial” grids G(A,,AA,), consisting of the level lines A, =
keAAe, B, = 1,2,3, ..., on the corresponding planes (1,A,).
Then, a transition occurs whenever any of the curves A(t),
I =12, ..., L, intersects the “partial” grid of its plane
G(Ag,AA,). Clearly, in this case the transition points are
scattered in the L different (t,A)-planes. Thus, to find cor-
rectly the succession of sea states as defined above, we have
to collect all transition instants on a single 7-axis. In Fig. 2
we use this graphical representation to find the transition
instants corresponding to the hypothetical sea-state evolu-
tion shown in Fig. 1. The same increments AA; and AA, have
been used in the two figures.

In any case, it should be emphasized that the individual
sea state and its duration, as defined above, are strongly de-
pendent both on the set A of spectral parameters used for
defining the intensity of the sea state, and on the grid
G(A AA) used for defining the transition levels. Whenever
this dependence should be explicitly stated, we shall speak -
ofa (A, [A,,A )) sea state or a AT(A, [AL,A ) sea state duration,
where [AI,A) is the representative interval (cell) of the grid
G(A AR). For example, an (Hg,[4m,5m)) sea state is a sea
state defined only on the basis of the significant wave height,
in which Hg is kept within the range 4m <= Hg < 5m.
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Fig. 2 Sea-state evolution as represented by means of the two curves A4()
and A,(t). The set of transition points is now separated into A;-transitions
(T2 Ts,T7) and Ap-transitions (75,73, T4, Te, Te, Te)- The full set of transition points,
that is, the (A,,Ao)-transitions, are recovered by collecting all transition
instants on the same time axis. See Fig. 1(b)

The above definition of a sea state also defines an operator
%F,, which, to each time history A(r) of a given set of spectral
parameters, associates the sequence E(i) = {E;} = {(Ty;, T, ADYE
of successive indiv{dual sea states, where T4,y = T, In
symbols, Z(i) = F2(A(7)). Whenever the time instants T',; and
T, are of no value for us, the sequence of sea states E(i) will
be considered defined in the following slightly different form:
E@ = {Ei} = {AT,A)}. .

An alternative way of realizing the operator ¥, has been
recently proposed by Laviel and Rio (1987), who model the
transition from one sea state to another as a hypothesis-test-
ing statistical problem. Undoubtedly, this is a more versatile
and realistic way of obtaining the sequence of successive sea
states in practice, when A(1) is derived by direct meaure-
ments of the sea-surface elevation n(#), in which case ran-
dom instrumental errors are present. On the other hand, the
simpler procedure presented above is the only possible one
when the time series A(1) comes from hindcasting numerical

6Here and subsequently we use the notation E(i) to denote the whole
sequence, in contrast to the notation E;, which is used to denote the ith
element of the sequence.

MARCH 1992

models. Note, however, that the exact way in which the se-
quence E(i) is obtained is of no particular importance for the
theoretical construction of our long-term stochastic model.

From the sequence E(i) = {(Ts;,T.;,A)} we can, in an ob-
vious way, produce a step-function approximant of the con-
tinuous function A(t). Within the accuracy requirements of
the present analysis, we can consider that the function
A(7) can be retrieved from this step function, by using again
some interpolation procedure. Accordingly, between time
histories of spectral parameters A(7) and sea-state sequences
E(i) there exists a one-to-one correspondence. As a conse-
quence, A(7) and E(i) can be considered equivalent, and sub-
sequently we shall refer to either of them according to our
needs.

Now, we can combine the two operators %, and %,, ob-
taining the composite operator ¥ = %,%;, which realizes the
mapping E(i) = F(n(#). Thus, we have achieved our objec-
tive for this section, which was to contrive a way to divide
a given sea-surface elevation record into a succession of in-
dividual sea states.

Before concluding this section it is advisable to compare
our definition of sea states and their duration with another
one often encountered in the current literature of ocean and
coastal engineering. A sea state of level Hg is defined [after
Draper (1966)] as an excursion of Hg(t) above the level Hg,
and its duration is defined as the time interval between an
up-crossing and the successive down-crossing of this level.
[See also Battjes (1970), Houmb (1971), Draper (1976), Vik
& Houmb (1976), Graham (1982), Kuwashima & Hogben
(1986)]. It is evident that this threshold-based definition of
sea states puts together sea states with essentially different
spectral characteristics, leading to sea-state durations much
greater than ours. Although this definition is useful for var-
ious types of problems such as constructional and opera-
tional planning, it is inadequate for our needs, as will be
clearly seen below. This is why we have introduced our grid-
based definition of a (A,[A;,A)) sea state and its duration.
On the other hand, it is interesting to note that the thresh-
old-based definition of a sea state can be formally ob-
tained from our definition if we set A = Hg and [A,A) =
(Hj,). That is, a sea state of level Hg is an [Hg,[Hg,*)) sea
state, in our notation.

4. General framework for long-term stochastic
analysis and prediction

From now on we adopt a probabilistic point of view, con-
sidering the sea-surface elevation over a multiyear period as
a part of a sample function of a non-stationary stochastic
process. It should be noted that this randomization is essen-
tially different from the short-term (first-level) randomiza-
tion, which is previously used to derive the time history of
the spectral parameters A(r) from a given long-term record
n(). Clearly, such a long-term (second-level) randomization
of m(t) leads to the randomization of the time history of spec-
tral parameters A(7), and, as a consequence, of the sequence
of sea states E(i). Thus, the following three stochastic pro-
cesses come now into existence:

 The (continuous-time) primary process “long-term time
history of the sea-surface elevation at a given location”

n(®) = {n(z,B), B € B}

where B is a choice variable denoting the realizations, and
B is an appropriate sample space.

» The (continuous-time) derived process “time history of
spectral parameters of the sea states occurring at a given
location”

—o0 <t < o,

A ={A(rp), —w<t<w, BEB}
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* The (discrete-time) derived process “sequence of
(A[A,,A,)) sea states occurring at a given location”

EG) = {E«B) = (T5(B),T.B),AB), i=0,+1,+2, ... B€EB}

Note that the first process is defined on the fast (fine) time
scale ¢, while the second and the third processes are defined
on the slow (coarse) time scale 1. (The discrete index i ac-
tually counts successive intervals on the 7-time axis.) Since
many events related to the primary process (such as the
number of peaks above a given level u) become “invisible”
when switching from the primary process to the derived pro-
cesses, the former will be also called the fine process, and
the latter the coarse processes.

But why are we concerned with all three processes when
two of them can be derived from the other?

The answer to this crucial question is as follows. Actually,
we are interested in calculating mean values and probabil-
ities referring to point processes defined on the fine process
n(t). We know nothing, however, about the statistics of this
process, since we cannot assume it ergodic or stationary, and,
moreover, we cannot have at our disposal more than one re-
alization of it (usually not even one; see Section 3). It seems
thus impossible to directly determine the sought-for quan-
tities by working with the fine process alone. Nevertheless,
we should not discard it, since the quantities we are inter-
ested in cannot be defined without referring to it. On the
other hand, the coarse processes, although inadequate for fine
long-term analysis, have the great advantage that their re-
alizations can be derived by measurements or hindcasting
techniques, so that their statistics can be determined, under
certain assumptions of course, by analyzing existing or readily
produced wave data. Under these circumstances, the follow-
ing approach suggests itself: We shall try to calculate mean
values and probabilities of events defined on the fine pro-
cess, in terms of the statistics of the coarse processes. This
is why we retain both the fine and the coarse processes in
our analysis. The reasons for retaining both coarse processes
are rather technical and less clear for the moment. Note that
it seems, in principle, possible to carry out all of our analysis
by using only the continuous-time stochastic process A(r),
but this would require a complete characterization of its sto-
chastic structure. Such an attempt is currently under way,
but it is quite complicated since A(t) cannot be considered
neither as normal nor as stationary.'” On the other hand,
working with the discrete-time stochastic process E(i) is quite
natural and simpler.

To proceed rigorously along the lines stated above it is
very helpful to construct an inverse of the operator ¥ de-
fined in Section 3, that is, a procedure ¥ ! enabling us to
associate a time history of the sea-surface elevation ny(t,8)
to each given time history A(t,B) of the spectral parameters,
or to each given sea-state sequence E(i,8). Clearly, two vari-
ants of %! are possible:

Ma(t,p) = FLAMP)  malt,B) = FZNEG,B)
Since, however, there exists a one-to-one correspondence
between A(r,8) and E(i,8), the distinction between %!
and Fz' is not essential, and, generally, we shall use the
symbol &~! for representing either %;" or Fz'.

Since a A(t,) is obtained from an m(¢,8) by using some
averaging procedure (first-level randomization), it is clear
that a complete (strict) inversion of F is not likely to be pos-
sible. However, as will be shown below, it is possible to de-

"The stochastic structure under examination is the one of a periodi-
cally correlated process with log-normal densities.
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fine a generalized (multiple-valued) right inverse !, which
generates a substitute mg(?) of the fine process n(¢), sharing
with the latter a lot of statistical information.

Bearing in mind that the time scale of the primary process
M(®) is faster than the time scale of the derived process
A(7), we understand that the main step in constructing the
operator ¥ ' will be the realization of an appropriate
stretching (dilation) of the slow time 7 in order to retrieve
the fine time scale ¢ together with the associated phenom-
ena. We shall first proceed to define the key tool for this
purpose.

To fix ideas, consider that the spectrum S(w) of a sea state
is uniquely determined from the vector A = (ApAg, ..., AD).
For example, we can take S(w) to be the Bretschneider or
the modified JONSWAP [Bales et al (1981)] spectrum if
L = 2, the three-parameter Ochi & Hubble (1976) spectrum
if L = 3, and so on. However, the choice of a spectral model
is not essential, since the final results depend only on the
spectral parameters (A,A,, ..., Ar). [See the comments after
equation (19) in Section 5.] In this sense, each value A, =
A(14,B4) gives rise to a specific spectrum S(w;ty,8:) which,
in its turn, generates a specific short-term stochastic pro-
cess, denoted by

nST(t;T*’B*) = {"]ST(t,’YW*,B*), —o << 0, Y € F(T*’B*)}

Here t is a fast time variable (since it is the dual variable
of the spectral frequency w), which can be locally identified
with the time variable of the primary process n(2), v is a
choice variable denoting the realizations, and T’ = I'(ry,Bs)
is an appropriate sample space, dependent on the slow-time
instant 7, and the choice variable B..

The process 17 (£;7+,8+) will be called the “short-term sto-
chastic process generated by A(r4,B4)” and it is assumed
stationary with respect to the fast time ¢ (¢+-stationary). Now,
considering n%7(t;7,8) for all possible values of T and B, we
obtain a family of short-term stochastic processes generated
by the coarse stochastic process A(t). This somewhat curious
object realizes the sought-for dilation of the slow time, in a
way which will be made precise in the next paragraph.

Let A(,B) be a given sample function of the continuous-
time coarse stochastic process. Let also {T,(B)}, {T.{B)},
{AT(B)} and {A,B) = A(1;,B)} be the sequences defining the
beginning, the end, the duration and the intensity of the
successive sea states, in accordance with the definitions of
Section 3. To each i (sea state) we associate a part n:{¢,v;B)
= 0t y;7,B), t € [TolB),T.(B)], of a sample path v; of the
short-term stochastic process generated by A(t;,8). Note that
the fast-time variable ¢ runs throughout the time interval
(T»(B),T.(B)) which corresponds to the ith sea state. Now we
define the operator %! as follows

(F-1(A(r,p))
or
ERGE)

Ma(t,p) = 9

=9

9)
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This stochastic process {nu(t,p), —© < ¢t < », B € B} will be

called “the hindcasted® long-term sea-surface elevation.”
" In order to describe informally the above definition it is
very helpful to borrow the idea of “time windows,” intro-
duced by Burridge et al (1987) in a paper dealing with the
propagation of acoustic waves through a slightly nonhomo-
geneous random medium. Using this notion we can describe
our definition as follows. To each T1; (a reference time instant
of the ith sea state), we associate a time window of duration
AT(B) within which n®7(¢,y;;7;,B) represents the sea-surface
elevation, with ¢ measuring the fast time. A complete long-
term sea-surface elevation sample function is then taken by
putting together the parts n57(¢,v;;7:,B), appearing in succes-
sive time windows.

On the other hand, the above definition of ny(t,B) strongly
reminds the definition of a regenerative stochastic process
[see for example Smith (1955,1958), Section 2.1, or Klimov
(1986), Chapter 5)1, the pair (T4;,T..),mi(t,y;;B)) being a tour
or a cycle of duration AT; = T,; — T4;. Note, however, that
in the classical theory of a sequence of cycles C; = (Z,,f{¢,y,)
forms a regenerative process if

1. all C; are identically distributed;

2. any pairs C;, C;, i # j, are independently distributed;
or

3. all sample-path functions f(¢,y;) belong to the same
sample space, that is, y; € I, I" being independent of i.

As regards the process mg(z,8), in which we are interested in
the present work, it does not satisfy all the above assump-
tions. Actually only assumption 1 seems indispensable for
what follows. Assumption 2 will be introduced in the next
section for the sake of simplicity, but the construction of a
more general model with some kind of dependence between
the successive cycles seems to be both possible and useful
[Labeyrie (1990)]. Finally, assumption 3 is by no means ap-
plicable in our case, where the sample-path segments (¢, v;B)
belong to a population of sample spaces I'(3) whose defining
parameter B ranges over another sample space. This fact
characterizes our model as a two-level stochastic process. Note,
however, that we do not intend to study in depth such a sto-
chastic process in the context of the present paper.

Let us comment a little more on the definition (9). Clearly,
%! is not single-valued, since the sample paths v, i = 0,1,
2, ..., of the short-term process appearing in the right-hand
side of equation (9) are quite arbitrary. In this sense it is
enlightening to denote the “hindcasted” sample function of
the fine process by mx(¢,B;{y:}). Nevertheless, the operator F 1
is a generalized right inverse of the operator % in the sense
that

FF YAG,B) = Fnut,Bilvd) = Ar,B) 10

by the very definition of ng(£,8;{y}).'* On the other hand, it
is clear that

FHFM,B) = nult,B;{y:h) # m(E,p) an

Having the operator ¥ ' at our disposal, we can legiti-
mately expect that various statistical characteristics of the
fine process () would be inferred from the statistics of the
coarse processes A(7) or E(i), by means of an appropriate the-
oretical analysis. An example of such an analysis will be
given in the next section, where the long-term mean number
of peaks above a given level u will be calculated. Before pro-

18Here, the term “hindcasted” is used to describe a theoretical proce-
dure and not the result of a numerical simulation procedure.

19The second equality in the relation (10) is, in fact, approximate, but
this does not affect the reasoning.
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ceeding towards this direction, it is advisable to briefly dis-
cuss some questions concerning the statistical characteriza-
tion of the process Z(i). We shall restrict our attention to
the first-order statistics of the process, that is, to the pdfs
f(AT,A) = f(AT;,A), since this is the only statistical infor-
mation needed in the applications taken up in this paper.

Clearly, some assumptions are necessary in order to make
possible a practically realizable method to obtain empirical
approximants of the needed pdfs. The fundamental assump-
tion made in this work is that f{(AT,A) is independent of the
order i of the sea state. This is a first-order stationarity hy-
pothesis for the coarse process (i), which will be referred
to as the long-term (second-level) stationarity, in order to be
distinguished from the short-term (first-level) stationarity of
the process m(#) in short-term periods. Because of seasonal
effects, even this long-term stationarity is questionable (at
least for some kinds of applications), if E(i) is constructed
by processing entire (multiyear) continuous records A(r,B).
(Seasonal and cyclic trends are expected to be present in such
records A(r,8)). To circumvent this difficulty, we can subdi-
vide the annual parts of each record A(r,B) into seasonal parts,
and obtain a number of long-term seasonal records A,(7,B),
Ay(1,B), ... by putting together the various parts correspond-
ing to the same season. (The word “season” is used here with
the meaning explained in Section 1, footnote 9.) Then, each
of the derived (discrete) processes E,(i), (i), ..., can be con-
sidered stationary [Battjes (1977), Section 4.1] and this as-
sumption may be expressed as seasonal stationarity. In the
sequel we shall discard the subscripts X, ¥, ..., considering
A(7) and E(i) as seasonal. With this reserve we shall proceed
assuming that f(AT,A) = f(AT,A), the latter being indepen-
dent of i. This is the essence of our long-term stationarity
assumption, which is in fact equivalent to the assumption 1
above.

To obtain an empirical approximant of the pdf f (AT,R), we
have to make a careful multivariate frequency analysis,
using a sufficiently long (multiyear) record A(r,g). In this
sense, a long-term (second-level) ergodicity hypothesis should
be also made.

At this point it is appropriate to list the various pdfs re-
lated to the first-order statistics of the coarse processes, and
to briefly comment on the relations between them. The basic
first-order densities are:

« the above described joint pdf f (AT,zli);

« the marginal pdfs f,,,(AT) and f,,,(A), obtained by inte-
grating f(AT,A);

« the usual first-order pdf of the stationary stochastic pro-
cess A(7), which will be denoted by f.(A), the subscript cl
coming from the word classical; and . .

« the conventional scatter diagram f,4(A), where A =
(Hs,To)-

In general, f(A) # fo(A) # f,4(R), while f(AT,A) is related
to £,(A) by a rather surprising relation, which will be proved
in Section 7. However, f,4(A) can be, with some precautions,
considered as an empirical approximant of f;(A).

5. Probability distribution of the long-term number
of peaks above a given level

The long-term stochastic framework constructed in the
previous sections can be used to study a number of inter-
esting problems. For the sake of definiteness, and because
of its great importance in practical applications, we shall, in
this section, focus our attention on the specific event (point
process): “the number of peaks (local maxima) of the pri-
mary process {n(¢,8),8 € B} lying above a level u and occur-
ring in a (long-term) time interval [T,,T;].” This quantity
will be denoted by M, ([T1,T.];B) or M (T1,T%,B).
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As the notation clearly indicates, the quantity M (T, T.];B)
depends on two variables: the choice variable B, denoting the
sample function on which the number of peaks is counted,
and the time interval [T,T] during which the counting pro-
cess takes place. Note that any well-defined subset S of the
time axis, for example, a union of intervals, can be used in
place of [T,T,], in which case we shall use the notation
M,(S;B). Perhaps the most fundamental property of M,(S;B)
is its additivity with respect to the set variable S, that is

M.(S1 U 85,) = M(Sy;B) + M,(S5;B) (12)

whenever S; N S, = ¢. Here the symbols U, N, and ¢ denote
the set-theoretic union, the set-theoretic intersection and the
null set, respectively. The above two properties of M,(S;B),
namely its B-randomness and its S-additivity, characterize
it as a random measure. Clearly, when S is fixed, M (S;B)
is reduced to an ordinary random variable. Let it be noted
here that all the analysis performed in this section applies
unchanged to a large class of very important random mea-
sures defined on the primary process m(¢). See Appendix 1,
where this class is defined and various examples of random
measures (point processes) belonging to it are given.

Let T be a fixed long-term period of interest, for example,
20 or 50 years (or winters). Without loss of generality we
can assume that this time period covers the interval [0,T'].
We are especially interested in the random variable
M. ([0,T1;B), for which we shall use the shorthand notation
M (T;B). Our purpose in this section is to determine the com-
plete probability structure of this quantity in terms of the
statistics of the coarse process 5(i). As far as we know, only
the problem of determining the mean value E® [M,(T;8)]2°
of the quantity M,(T;B) has been studied up to now [Battjes
(1970)1.

Before proceeding it is necessary to define one more ran-
dom quantity, namely the number of sea states in the time
interval [0,T], denoted by N(T;B). Actually, this is also a
random measure, defined on the continuous-time coarse pro-
cess A(7). If, however, we assume that 7T is fixed and we dis-
regard portions of sea states falling at the ends of the in-
terval [0,T'], then N(T',B) becomes an integer-valued random
variable. Clearly

NT3B)
T= Y AT{B) + Ty + (T — Top)
i=1

where AT,(B) = T.(B) — T+(B), and T,:(B) and T.(B) denote
the beginning and the end of the ith sea state, respectively.
The first and the Nth sea state are, by definition, the first
sea state starting after 1 = 0 and the last sea state ending
before T = T, respectively. Note that Ty, and T' — T,y are of
the order 0(T%), while T = 0(Ts) (see Section 2). Thus, ac-
cording to the order assumption (7c), we have

Tbl + (T - TeN)
T

which permits us to disregard the last two terms in the right-
hand side of equation (13).

Let us now return to the study of the random quantity
M (TB). In virtue of its additivity, we have

N(T;B)

MTB) = D, M Ts(B),Ta(B)P)
i=1
+ Mu(O,Tbl;B) + Mu(TeN’T;B)

(13)

<<1 (14)

(15)

“EP[...] is the ensemble average operator extended over the sample
space B. The use of the choice variable B as a superscript is crucial, since
we shall subsequently use ensemble average operators extended over dif-
ferent sample spaces, as well as repeated ensemble averages; see, for
example, equation (17b) below.
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Normally, we may expect that
Mu(09Tb1;B) + Mu(TeN’T;B)
M(T;B)

which permits us to disregard the last two terms in the right-
hand side of equation (15).

At this point we shall introduce a key assumption, per-
mitting us to efficiently blend the short- and the long-term
levels. Let us first define the quantity MfT(Tbi(B),Tei(B);-yi),
representing the number of peaks lying above the level u
and occurring during the part [T},,(B),T.B)] of the short-term
sample function v,, corresponding to the ith sea state. [See
Section 4, equation (9)]. Then, our key assumption reads as
follows.

Hierarchy assumption: The number M ,(T:(B),T.{B);B)
of peaks lying above u and occurring during the ith
sea state can be approximated by the number
EY[MS"(To(B),T.«B);v)], that is, the mean value of
M (To(B),T.B);y,) over all short-term sample func-
tions v;. In symbols:

M(To(B), Te(B)B) = EYIM (Tyi(), TeiB)v)]  (17a)

We call this assumption the hierarchy assumption, since it
permits us to express the long-term mean value of M, (T;B)
by means of a two-level hierarchical procedure:

NTp)

EB[MM<T;B>]EEB[ > E"‘[M?(Tbi(B),Tei(m;vi)]] (17b)

i=1

=0Ty/Ty) <<1  (16)

As regards the validity of this assumption, we feel that it
is quite plausible, at least under the order assumption (7a).
In any case, it can be subjected to direct experimental ver-
ification, since the left-hand side of equation (17a) can be
easily measured on a continuous record of the sea-surface
elevation, while its right-hand side can be calculated in terms
of the spectral characteristics of the corresponding sea states
by means of the formula

EYMT(To(B), Toi(B);v)] = MwAT(B),A/B))
= AT(B)M(u;1,A{pB))
= AT(B)W(u;A(B))

= ATPWBR) =MpB) (18)

where j\i(B) = (moi(B),ma:(B),ms(B)), my; is the kth spectral
moment of the ith sea state, and W(u;f\i(B)) = M(u;l,f&i(B))
is the mean number of peaks per unit (fast) time occurring
in a sea state with intensity A,(B). The quantity W(u;A) is
dependent only on the short-term stochastic model and can
be considered known. Especially for a Gaussian short-term
process, this quantity has been first calculated by Rice (1954),
and is repeated in Appendix 2, equation (46), for easy ref-
erence. Now using equations (18) and exploiting all the as-
sumptions described above, we can write equation (15) in the

form
N(T;g) N(T;)

MTB)= > M(B)= > AT(RWP) 19)
=1 i=1

Equation (19) determines, in conjunction with equations
(18), which characteristics of the individual sea states should
be taken into account when calculating the probability
structure of the random quantity M, (T;B). Under the as-
sumption of normality for the short-term process, these
characteristics are the spectral moments® mg,m,,m,; see Ap-

'0r, equivalently, the spectral characteristics o (or Hy), T}, and €,
where o is the standard deviation of the sea-surface elevation, and ¢ is
the broadness coefficient of the corresponding short-term spectrum.
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pendix 2 equations (43)—(46). On the other hand, equation
(19) expresses M,(T;B) as a random sum of identically dis-
tributed random variables. For all M;(B), i = 1,2, ..., are
identically distributed since each M,(B) is a deterministic
function of the random vector (AT,(B),K,»(B)) and, according
to the long-term seasonal stationarity assumption, all AT(B),
i=12, ..., and all A(p), i = 1,2, ..., are identically distrib-
uted.

In general, the random vectors (ATi(B),Ki(B)), i1=12, ...,

are expected to be dependent. For example, it seems very.

likely that the appearance of a specific value
(ATH(B),A4(B)) for the duration and intensity of a sea state
would imply some restrictions on the corresponding values
of the next sea state [Laviel & Rio (1987)]. However, in the
present work we shall adopt the following

Independence assumption: The random vectors
(AT,(B),K,-(B)), i = 1,2, ..., and consequently the ran-
dom variables M;(B), i = 1,2, ..., are statistically in-
dependent of each other.

Under these assumptions all AT(B), i = 1,2, ..., and all M(p),
i = 1,2, ..., become independently and identically distrib-
uted (i.i.d.) random variables, and then equation (19) lends
the structure of a renewal-reward (cumulative) process to the
random quantity M,(T;B). More precisely:

1. The time instants T;(B), (or T.,(B)), i = 1,2, ..., define
a renewal point process whose successive interarrival times
are the durations ATB) of successive sea states. The re-
newal function of this process is EF[N(T;)], that is, the mean
number of sea states occurring in the (long-term) period [0,T'].

2. The sequence {(AT\(B),M,B)), i = 1,2, ...,} defines a
renewal-reward (cumulative) process in which M,(B) is the
“cost” (or the “reward”) associated with the ith interarrival
time AT{B), and M,(T;B) is the up-to-time T “accumulated
cost” (or the “total reward”) whose probability structure is
our main concern in this section.

Under these circumstances, the arsenal of the renewal (and

‘renewal-reward) theory [Smith (1958), Cox (1964), Ross
(1970), Brown & Ross (1972), Karlin & Taylor (1975)] be-
comes available, making the determination of the probabil-
ity structure of the quantities N(T;B) and M,(T;) a simple
yet useful exercise. Especially, we can obtain explicit asymp-
totic (for T'— =) expressions for the mean values, the vari-
ances, and the joint pdf of N(T;B) and M,(T';B).

Before presenting the aforementioned results, and to keep
their appearance as simple as possible, we have to introduce
some terminology. Let us first agree to discard the subscript
i (order of the sea state) and the choice variable B, since from
now on all random variables of the form X;, i = 1,2, ..., are
i.i.d., and they are all defined on the same sample space B.
Define now the auxiliary “density” functions®

3

gn(h) = f (AT)" f(AT,A) dAT), m =12, ..., (20)
0

Wm,AT

where
pmar = E[AT)™] = J J (AT)™ f(AT,A) d(AT)dA  (21)
AJo

is the mth-order moment of the random variable AT. In
equation (21) dA = dmodmadm, and the A-integration ex-
tends over the corresponding three-dimensional region. Con-
sider also the moments ., of the random variable M =
M(u;AT,A), which, with the aid of equations (18) and (20),
can be written as

22A1] g,.(A), m = 1,2, ..., are defined so that their f\-integral is equal
to unity. Besides, in Section 7, we shall prove that g;(A)is indeed a pdf.
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tomar = EIMu;AT,A)™

= E[AT)"(W(w;A)™
= mar f WA g (M) dA,m=12,... (22)
A
and the variances of AT and M, given by
o2r = Var[AT] = paar — Mir (23)
oty = VarlM] = pou — pir (24)
where
par = prar and Py = poy (25)

are simplified notations for the mean values of AT and M,
respectively. Finally, consider the correlation coefficient of
AT and M, given by

E[(AT)M] — paritu

PAT,M (26)
OAT OM
where
E[(AT)M] = E[(AT)*W(u;A)]
= Woar f W(u;A) go(R) dA @7
A

The quantities war,kanOarOu, and pary defined above con-
stitute the fundamental probabilistic characteristics of the
bivariate random quantity (AT,M), where M = M(u;AT,A).
From their definitions, equations (21)—(26), it can be easily
seen that all these quantities are expressed in terms of the
functions f(AT,A) and W(u;A), the former describing the sta-
tistics of the sea-state population associated with the ex-
amined ocean site, and the latter expressing the short-term
mean value of the studied random measure for a given sea
state. Thus, the five quantities paz,la,047,04, and paz s can
be considered known.

Now, by using standard results from the theory of
renewal-reward (cumulative) processes [Smith (1958), Sec-
tion 2.3; Cox (1962), Chapter 8; Brown & Ross (1972)], we
obtain the following theorem:

Theorem: For large values of T, the joint pdf of N(T)
and M(T) is a bivariate normal distribution whose pa-
rameters are given by the equations

T
E[N(T)] = — + 0(1)

(28)
Har
T U%T
VARIN(T)] = — =X 1 0(1) 29)
HaT BAT
T
EM,/(T)] = — py + 01) (30)
Har
r o, 2 2,2
VARr[M,(T)] = ;'L— (o3 + X7/ War
AT
— 2par MO0y Par/Par) + 0(1)  (31)
Cov[N(T),M (T)] )
= — 2 (s — Rarparaou/oar) + 0D (32)
WaT HeaT

Thus, by using the renewal-reward theory, we manage to
obtain the complete probability structure of the quantities
N(T) and M(T). Note that the above results can be safely
used for actual long-term calculations, since T'/par is of the
order of T3/T, >> 1; see the order assumption (7c).
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Let us now examine more closely the result (30), that is,
the mean number of peaks above a level u occurring in a
long-term time period [0,7']. Combining equations (20), (22),
(30), and (46) of Appendix 2, we obtain

EM (T)] =T f W(u;Mgi(R) dA
A

1 - G(u;o,e) N
=T| ——— ,To,e)dA
J; 5T, 81(0,T,¢)
where dA = dodTyds. If we make the additional assumption
that G(u;0,¢) is e-independent? and use the change of vari-
able Hg = 40, we obtain

e
EIM,T)] =T f f -(W—Tu/fzgl(Hs,To)dHSdTo (34)
0 0 0

where g,(Hs,Ty) is the marginal “density” taken from
81(0,To,¢) by integrating with respect to e, and using the
change of variable Hg = 40.

Equation (34) is formally identical with the corresponding
result of Battjes (1970), with g;(Hj,T,) in place of the scatter
diagram f,(Hg,T,). However, in Section 7 we shall prove that
81(Hs,Ty) = f.(Hg,To). Accordingly, whenever f,,(Hs,T,) can
be considered as a reliable approximant of f,,(Hs,T,), then
equation (34) becomes essentially identical with the corre-
sponding one obtained by Battjes. See the pertinent com-
ments at the end of Section 7.

Apart from equation (34), all above results are apparently
new. Moreover, the whole conceptual framework constructed
above permits us to identify and “locate” the various sim-
plifying assumptions which are made in long-term analysis,
and makes it possible to construct more realistic models by
removing the unfit ones.

In concluding this section we emphasize once again that
the above analysis can be literally repeated if we replace
M (T;B) by any other quantity x(T;B), satisfying the condi-
tions stated in Appendix 1. It is clear that the set A of the
spectral parameters involved is generally dependent on the
specific quantity considered. This suggests the necessity of
having available the joint pdf f(AT,A) for various combi-
nations of spectral parameters A. Such data sets do not ap-
parently exist at the moment, but it is feasible to derive them
from time histories of spectral density functions obtained with
the aid of measurements or hindcasting techniques. In this
sense our theory gives indications concerning new directions
of wave data processing and presentation. Note, however, that
a definite assessment of the practical significance of our re-
sults cannot be made until a reliable estimate for the pdf
f(AT,Hg,T,) becomes available.

6. Long-term probability distribution of the wave
amplitude

In this section we shall rigorously define and calculate the
long-term probability distribution of the zero-to-crest wave
amplitude a. The long-term probability distribution of the
crest-to-trough wave height H will be given only under the
assumption of narrow-band sea states. A brief discussion
comes first in order to make clear the essential conceptual
difference between the short-term and the long-term prob-
ability distributions of the wave amplitude, which is usually
masked by the similarity of the final formal definitions.

Let us first recall the definition of a peak in a continuous-
time stochastic process. A peak (local maximum) occurs at

#Taking for example G(u;0,¢) = G(u;0,0), which is valid for narrow-
band sea states.
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(33)

t = t, in a realization n(¢,B8) of a (differentiable) stochastic
process, whenever the first derivative dn(¢,8)/d¢t has a down-
crossing of zero at ¢ = #,. Clearly, this definition is unam-
biguous and well-grounded for any kind of stochastic pro-
cess, stationary or non-stationary, ergodic or non-ergodic.
Unfortunately, the same is not the case for the definition of
the probability distribution P(a) = Pr[wave amplitude < a].
In fact, the standard definition of P(a) encountered in elec-
trical, structural and ocean engineering literature [Price &
Bishop (1974), Ochi (1982), Middletton (1960), Rice (1954),
Lin (1967)], namely

Mean value of peaks per unit time below a

P(a) = (35)

Mean value of all peaks per unit time

is unambiguous and can be rigorously justified only for

- (strictly) stationary processes [Cramer & Leadbetter (1967),

Section 11.6]. Accordingly, this definition can be used only
in the short-term (stationary) case. For non-stationary pro-
cesses the above definition is clearly meaningless, while the
following rigorous one [Cramer & Leadbetter (1967)]

P(a) = lim PRI (%) =< q|
6—0
m'(#) has a downcrossing of zero in [¢, — 0,t,]]

leads to a probability distribution P(a) dependent on #,.

The above observations clearly show that a carefully de-
signed definition of the probability distribution of the wave
amplitude a is needed in our case, where the process under
consideration is stationary in the short-term scale and non-
stationary in the long-term one. Bearing in mind that the
mean value of peaks of n(¢) over long-term time intervals
[T,T] is proportional to the time length AT = T, — T,
[see equation (30) or (33)], we can define the long-term prob-
ability distribution P;(a) as follows

Mean value of peaks below
a occurring in a long-term
period ATLT

Mean value of all peaks
occurring in ATET

Pila) = (36)

Observe that, if we divide the numerator and the denomi-
nator of the right-hand side of equation (36) by AT*?, we
obtain a relation similar to (35) in which the expression “per
unit time” has been replaced by the expression “per unit of
the slow time 7.” This shows how the distinction of the two
time scales can help us in clarifying and properly stating the
fundamental definitions.

Now, combining (33) and (36), we obtain the following for-
mula expressing P;(a) in terms of W(a,A) and gl(]i) =
8 1(0'7T0;8):

f [W(—,A) — W(a,A)] g,(A) dA
P L(a) = -

(37
f_ W(—o,A) g,(A) dA
A

Let us now proceed to examine some special cases. Assum-
ing that ¢ is a deterministic constant and using (37) and (46)
of Appendix 2, we obtain

o Gla;o,¢)
g1(0', To)d(]'dTo
0 0 TO

Prla) = (38)

"1
fo Fogl(To)dTo
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where g1(0,To) and g(T,) are the corresponding marginal
“densities” obtained from g, (¢,T,e) by integration. Fur-
thermore, assuming that ¢ = 0, and changing to Hs = 40
and H = 2a, we get the corresponding formula for the long-
term probability distribution P;(H) of the crest-to-trough wave
height H. This is similar with formula (38) with the term

" (" R(H;Hy)
——— g(H,To) dHdT,
0 0 TO

as numerator and with the same denominator, where
R(H;Hg) = 1 — exp[—2(H/Hy)?]

is the standard Rayleigh CDF. This result for P, (H) is the
same with Battjes’s result [see equation (5)] as long as
g1(Hg,Ty) can be replaced by f:ad(Hs,To). See the pertinent
comments at the end of Section 7.

In ocean engineering, it is sometimes preferable to con-
sider the conditional CDF P; (a) = Pr[wave amplitude = althe
amplitude is non-negative] in which only the positive peaks
are taken into account. It is not difficult to find that the
general expression for this CDF has a form similar to (37),

with W(0,A) in place of W(—x,A).

7. Relation between densities f(AT,A) and fc,(fX)

We shall now prove the following relation between the
densities f(AT,A) and f,,(A)

=)

" 1 - 5
fu(A) = — | AT f(AT,A) d(AT) = g1(A)

Kar Jo

(39)

The underlying reasoning in proving this relation is es-
sentially similar to that lying behind the so-called inspec-
tion paradox of classical renewal theory [Heyman & Sobel
(1982), Section 5.11. The proof is free of any technical bur-
den; it is of purely conceptual character. Accordingly, it is
~ expedient to start by stating the exact definitions of the two
densities:

duration AT and intensity A of

a sea state lie in intervals .
[AT AT + d(AT)) and [A,A + dA),
respectively

f(AT,A)dAd(AT) = Pr

L. L. intensity A of a randomly
fulA)dA = w(A,dA) = PR | sampled sea state lies in
interval [A,A + dA)

Define also the conditional probability
(A, dAJAT;) = PR

intensity A of a randomly sampled

sea state lies in interval (A,A + dA),
given that its duration AT lies in interval
(AT,AT + d(AT))

To find a relation between f (AT,A) and fcl(f\) we think as fol-
lows:
Using the total probability formula we obtain

m(A,dA) = > w(A,dAAT))

AT;

(40)

However, the probability ﬂ(!—i,dli‘ATi) can be expressed in
terms of the density f(AT,A). For the probability
m(A,dA|AT;) should be proportional to F(AT, RA)dA, while it
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must be also proportional to AT; itself. The latter assertion
is implied by the fact that, sampling at random, it is twice
as likely to choose a sea state of duration 2AT; as one of
duration AT;. Thus

(A, dA|AT) = A AT, f(AT,,R)dA (41)

where A is the coefficient of proportionality which can be
assumed independent of A. Combining now (40) and (41) we
obtain

fAR)dA = A D) AT, f(AT;,A)dA

AT;

=A f (AT)f(AT,A)d(AT) dA (42)
0

To find the constant A we integrate with respect to A and
use the fact that f,(A) is a density, so that its integral over
the whole A-range must be equal to 1. We then get

Al= J J (AT)f(AT,fX)d(AT)df\ = par
AJo

where pur is the mean value of the random variable AT.
Inserting the latter into (42) we obtain equation (39), which
had to be proved.

Let us conclude this section with a note of warning. Since
f.(A) is the first-order pdf of the stationary stochastic pro-
cess A(1), it should be estimated in practice by a suitable
estimator such as [Bendat & Piersol (1971)]:

-time spent by A(r) in
[A,A + AA) during a

P (K)df\ _ 7-interval [0,T;]
cl = T1

An empirical distribution fsd(]X), obtained by methods sim-
ilar to that used for constructing the standard scatter dia-
gram f,4(Hs,T), should not, in pz‘inciple, be considered as a
satisfactory approximation of £,;(A). For the scatter diagrams
are obtained by measuring every % hours, k usually ranging
from 3 to 12, or even being random, so that fsd(f\) will be
biased towards the long-duration sea-states (length-biased
sampling). However, replacing f.(A) by f.(A) is the best we
can do at the present time.

8. Concluding remarks—main steps of the model

The purpose of this paper was twofold: First, to construct
a rational yet flexible model for long-term stochastic anal-
ysis of sea (wind) waves, that is, a model based on clearly
defined notions and explicitly stated assumptions which en-
compasses previous works as special cases. Second, to prop-
erly model the variability of the duration of sea states in
long-term stochastic calculations. Due to the complicated
structure of the derived model, and in order to make clear
its full flexibility and generality, it seems worthwhile to
conclude the paper by presenting schematically and in a
non-formal way the main steps of its construction. This
presentation will be done separately, first for the conceptual
framework of the two-level long-term stochastic model, and
then for the specific procedure used in calculating the prob-
ability distribution of an additive long-term random quan-
tity. Special attention will be paid to making clear the un-
derlying assumptions made in each step.

We start with a non-formal description of the conceptual
framework of the proposed stochastic model.

1. Consider the time history m(¢), 0 = ¢ = T, of the free-
surface elevation at a given site, where [0,T] is a long-term
period.
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2. By considering successive t-intervals (of order of one
hour), we obtain the corresponding sequence of spectral
characteristics A;, i = 1,2, ..., M. Within each such #inter-
val, the surface elevation n(#) is modeled as a stationary sto-
chastic process. This is the usual short-term or first-level
stochastic modeling. More specific assumptions also should
be imposed concerning the probability laws of the short-term
process. Usually we use normality. However, any other rel-
evant probability law can be considered [Longuet-Higgins
(1963), Huang & Long (1980), Tayfun (1980,1981), Huang
(1983), Tayfun (1984)]. Such a choice affects only the steps
(f) and (g) of the procedure used for calculating M,(T',B) (see
below).

3. By interpolation we obtain the time history of the spec-
tral parameters A(t), 0 = 1 < T, where 7 is again the time,
but in a scale coarser than the t-scale (that means: dr <«
large t-interval). A(r) is now modeled as a new stochastic
process. This is the long-term or second-level stochastic mod-
eling. Again specific assumptions should be imposed in order
to describe the stochastic nature of A(7). These assumptions
should make a compromise between theoretical complexity
and physical reality. In this connection A(r) can be modeled
as a stationary stochastic process, a seasonally stationary
stochastic. process, a periodically correlated stochastic pro-
cess, etc. As regards the probability laws characterizing
A(1), various models can be used. The log-normal distribu-
tion seems a promising choice. .

4. Using the continuous 7-time process A(t) and the def-
inition of a sea state given in Section 3, we then obtain the
stochastic sequence of the successive sea states A, and their
durations AT (A,AT,), (Ay,AT,), .... The stochastic na-
ture of this sequence can be either derived theoretically, on
the basis of the stochastic properties of the process A(r), or
estimated statistically through direct analysis of appropri-
ate long-term data. In the second case, which is followed in
this paper, it is necessary to impose an ad hoc specific sto-
chastic structure on the sequence (A,AT) i = 1,2, ... Pos-
sible choices are the renewal process or the semi-Markov
process.

On the basis of the above comments one can see that the
assumptions concerning the long-term stochastic structure
of the model can be imposed either on the continuous 7-time
process A(1), or on the sequence (A,AT)), i = 1,2, ....

Using the above-described model we are able to pose def-
inite questions and give complete quantitative answers con-
cerning various long-term quantities. (This is the funda-
mental novelty of the present work). The main steps for
calculating the probability distributions of an additive long-
term quantity are described below. For the sake of definite-
ness we use the specific quantity M,(T,8) = “Number of peaks
of the surface elevation at a specific point, lying above the
level u and occurring in a long-term interval [0,7].”

(@) Using the additivity of M,(T,8) we represent the long-
term quantity M,(T',8) as a sum of corresponding short-term
quantities, each of which is related to one sea state () =
([T5(B),Te®)], ALB))

N(T;B)

MTB) = > M/EP;P)
i=1
(b) Using the hierarchy assumption we estimate the num-
ber M,(E(B);B) through the relation
M E(B);B) = EX M (EB);v)]

that is, as a short-term mean value of the corresponding short-
term quantity.
(c) Using the short-term stationarity assumption we set

E"IMET(E(B);v)] = AT;(BW(A(B)) = MAB)
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where W(A(p)) is the corresponding short-term quantity per
unit time.

(d) On the basis of the long-term seasonal stationarity and
the independence assumption the sequence (AT(B),M.(B)),
i = 1,2, ... is given the structure of a renewal-reward pro-
cess. Alternative choices are also possible. For example, the
sequence (AT(B),M(B)), i = 1,2, ... might be considered as
a semi-Markov process.

(e) Using the asymptotic theory of renewal-reward pro-
cesses we find that the probability law of M,(T') is Gaussian,
and we calculate its parameters. See Section 5, relations (30),
(31). (This is the most fundamental new result given in this
work.)

(f) Using the assumption of short-term normality we can
apply formula (46) obtaining the result (33).

() Finally, using the assumption of narrow-band sea states,
we end in the expression (34) for the long-term mean value
of M, (T), which is actually the same with Battjes’s (1970)
result. [See also Ochi (1982).]

From the above exposition it becomes clear that the pro-
posed long-term stochastic model is rather a methodology than
a theory, and it can be used in combination with various
different specific stochastic models, whichever seems more
suitable (and tractable) per step. In this connection we em-
phasize that only the short-term stationarity and the hier-
archy assumption are indispensable, while all other ones can
be changed in various ways.
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Appendix 1

Kind of events which can be treated by present
theory

Consider a random quantity (point process)* x(S;B) defined on the pri-
mary stochastic process {n(,8),8 € B}. Here, as in Section 5, B is a choice

24The concept of a point process came back to Palm (1943), who also
developed the basic theory. Palm’s ideas were developed further and made
rigorous by Khintchine in 1960 in his classical work on queuing theory.
For a rigorous modern account of the general theory of point processes
and their natural extensions, the random measures, see Kallenberg (1976),
Matthes et al (1978), Cox & Isham (1980).
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variable denoting the sample function used to evaluate x(S;B), and 8 is
a subset of the time axis during which the evaluation process takes place.
In this Appendix we list the conditions which should satisfy x(S;B) in
order to be amenable to the treatment presented in Section 5 of this
paper. These are the following:

(C1) The extensibility condition—x(S;B) is well defined for any time

interval S = [1,,7,], either in the short- or in the long-term range.

(C2) The additivity condition—x(S;B) is non-negative and additive
with respect to its set variable S, that is, x(S; U S;B) = x(Sy;B) + x(S;B),
whenever S, does not overlap S,.

(C3) The hierarchy condition—Let S{B) = [T»(B),T..B)] be the time
interval corresponding to the ith individual sea state, and +y; denote the
sample functions of the stationary stochastic process corresponding to
that sea state (recall the construction of Section 4). Then, the number
Xx(Si(B);B) can be approximated by means of the short-term mean value
E"i{x(S;(B);v,)], and thus the mean value EP[x(S;(B);8)] can be calculated
with the aid of the following two-level hierarchy model

EB[E Evi[x(si(rs);v,-)]]
Examples of useful events which may be considered satisfying the above
three conditions are:
1. The number of maxima above a given level,
2. The time spent above a given level,
3. The number of upcrossings of a given level,
4. The number of times in which n successive maxima occur above a
given level,
5. The number of maxima above a given level for which the absolute
value of the second derivative is greater than a given quantity.

Appendix 2

Some results from the theory of stationary stochastic
processes

In this Appendix we report (in our notation) some standard results
used in the main part of the paper concerning sample-function crossing
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v

problems for a real-valued, zero-mean, stationary and normal process
M(#), with twice differentiable sample paths. Most of results of this type
have been first derived by Rice in 1944 and can be now found in many
standard books and monographs as, for example, Ochi & Bolton (1973),
Price & Bishop (1974), Ochi (1982), Middletton (1960), Cramer & Lead-
better (1967), Lin (1967).

The CDF of the zero-to-peak wave amplitude a is given by

5
Glao,e) = @[i] - V275 ola/o) qa[a—] “3)
&0 ET
where
9 \ 1/2
o=\/m0,e=<1— 2) andd=V1-¢ (44)
momy,

where m;, is the kth spectral moment, and ¢(.), @(.) denote the pdf and
CDF of the standardized normal distribution, respectively. For the spe-
cial cases € = 0 (narrow-band process) the above formula becomes

a

2
Gla;o,e =0)=1— exp[— 2—]

45
= (45)
while for ¢ > 0 and u = 0 we obtain G(0;0,¢) = (1 — 8)/2.

The mean number of peaks (local maxima) of the process per unit time
lying‘ above a given level u is given by the formula

1 - G(u;o,e)

M(u;1,A) = Ww;A) =
3T,

(46)

where A = (0,To,2), and Ty = 21V mo/m, is the mean zero-upcrossing
period of the process n(¢). For u = 0, equation (46) gives the mean num-
ber of positive peaks of the process per unit time M*(1,A) = (1 +
8)/28T,.
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